Abstract. The character theory of the symmetric group is used to derive properties of the number of permutations, with k cycles, which are expressible as the product of a full cycle with an element of an arbitrary, but fixed, conjugacy class. For the conjugacy class of fixed point free involutions, this problem has application to the analysis of singularities in surfaces.
1. Introduction. For nonnegative integers k and N, and a partition \p of N, let ef denote the number of permutations w on N symbols such that it has exactly k cycles, and such that it can be expressed as a product of an arbitrary, but fixed, cycle of length N and a permutation in the conjugacy class indexed by \p. The purpose of this paper is to derive the generating function for these numbers, and to obtain some of their properties. The method makes direct use of combinatorial and algebraic properties of the group algebra of the symmetric group.
A special case of this problem is of particular interest. Let e[p)(n) denote the number e\ when \p indexes the conjugacy class of permutations on pn symbols, with n cycles of length p. The matter of calculating ek2\n) arose in connection with work by Harris and Morrison [4] on singularities in surfaces. It has also occurred indirectly in the work of Gross [2] on graph embeddings. Harer and Zagier [3] have shown, by an independent method, that the sequence e(k2)(n) for k, n > 1 satisfies a three-term linear recurrence equation with coefficients which are polynomials in n.
To fix ideas, note that for n = 2 the permissible permutations are {(1234)(12)(34), (1234)(13)(24), (1234)(14)(23)} = ((13), (1432), (24)} so «P(2)-|{(1432)}|-1, ef'(2) = 0, e?(2) = |{(13), (24)} | = 2.
Values of ek2)(n) for some other (ac, n) are given in Table I of the Appendix.
The combinatorial results involving the use of the group algebra of the symmetric group S" on n symbols over C are given in §2 together with the appropriate facts about orthogonal idempotents in the center of the group algebra. The results which we need about specific characters of S" are derived in §3 from Frobenius theory. Although these results are known, uniform proofs of them are not readily available and they have therefore been included here. The generating function for ef is derived in §4 by evaluating certain character sums. It is stated in Theorem 4.5. An explicit expression for ekp)(n) is given in terms of standard combinatorial numbers in §5, and in §6 we show that ek2)(n) and ek3)(n) satisfy linear recurrence equations with polynomial coefficients. We also show that en2U-2r(n)=l(^)(^++\)Pr(n)/(r+l)(n + l),
where pr(n) is a polynomial of degree r -1 in n. In §7 we use the form of the generating function for eyk to establish a bijection between an easily enumerated set of permutations and another set directly related to the permutations counted by e\. It would be of considerable interest to establish this bijection combinatorially, and, by so doing, provide a combinatorial proof of the expression giving e\. The group algebra of S" has been used by Stanley [7] in connection with factorizing permutations into cycles of length n. Character theoretic methods have been applied by Thompson [8] to a problem which can be stated enumeratively.
The following notation is needed. A partition p = (px, p2,...) is a sequence (finite or infinite) of nonnegative integers such that px > p2 > • • • . The nonzero elements of p are called parts, the number of parts is the length, l(p), of p and the sum of all parts is the weight, \p\, of p. If p is a partition of weight N we write p h-N. Let m} be the multiplicity of j in p for j > 1. We write p = (mx, m2,... Each element of the symmetric group it e SN of all permutations on the set [N] = {1,... ,N} can be expressed uniquely (up to order) as a product of disjoint cycles. The number of such cycles is denoted by k(it). The cycle a such that aij = ij+x for 1 < j < k, aik = i^, where ix,,.. The next result is a fundamental one, due to Frobenius [5] , which gives the Schur functions in terms of the power sums. (ii) From Theorem 3.4
The result follows from Proposition 3.3(i). □ Corollary 3.7.
otherwise. The result follows from Corollary 3.9. □ The character sum given in Proposition 4.1 may be evaluated by systematically transforming the generating function for the values of characters associated with cycles. In the following proposition it is important to note that 1(a) is equal to the number of cycles in each element of Ca, and therefore that the number of cycles is preserved in the exponent of z, for future purposes. z+ E E 4a>wa^^* = zexp(E y{(l+z)'-z'>V,). '$-1. 4ft--*»(» +1), *<& = X« + 1)(« + 2)(3« + 5),
The results follow from Theorem 5.4. □ Thus, en2lx(n) is a Catalan number.
6. Recurrence equations. Theorem 4.5 can be used to obtain further properties of the sequence {ekp)(n) \k,n ^ 1}. Then an elementary combinatorial argument shows that T must satisfy the functional equation T= 1 + zL^T'w,. Let S=T-\ so S = zLt>l(S + 1)%, whence, by Lagrange's Theorem
which is the statement of Corollary 4.6(h). Theorem 4.5 may be used to obtain further combinatorial information about el. We shall say that a permutation is dotted if each element in the cycles of the permutation has associated with it at most one dot. This is done by placing the dot, if it occurs, above the corresponding element. Thus (12)(34) is a dotted permutation. A permutation is strictly dotted if none of its cycles has all of its elements bearing a dot, and a dotted permutation has weight m if it has a total of m dots.
From Theorem 4.5 and Proposition 5. 
